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Abstract 
A new systematic and efficient algorithm to obtain the ten complex constants of piezoelectric materials belonging to the 6mm 
symmetry class was developed. A finite element method routine was implemented in Matlab using eight-node axisymmetric 
elements. The algorithm raises the electrical conductance and resistance curves and calculates the quadratic difference between 
the experimental and numerical curves. Finally, to minimize the difference, an optimization algorithm based on the “Method of 
Moving Asymptotes” (MMA) is used. The algorithm is able to adjust the curves over a wide frequency range obtaining the real 
and imaginary parts of the material properties simultaneously. 
© 2015 The Authors. Published by Elsevier B.V. 
Peer-review under responsibility of the Scientific Committee of 2015 ICU Metz. 
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1. Introduction 
Piezoceramic property values are required for modeling piezoelectric transducers. Most datasheets present large 
variations in such values. Adjustments are necessary for precise simulation. In this sense, different algorithms were 
proposed by several authors to obtain the properties of piezoceramics. Some of such algorithms allow adjustments of 
the experimental and theoretical curves only on a narrow frequency band, not in the entire band [1-3]. A broadband 
approach is necessary to make all the determined values represent the experimental values. This approach was 
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previously presented by our group, first for the real part of the piezoelectric constants [4], and then for the complex 
values of such constants [5]. 
The commercial finite element method (FEM) software Ansys was used in [4] to obtain the numerical electrical 
impedance curve. In Ansys, only the real part of the material constants is considered and the material damping is 
calculated by using the classical Rayleigh damping model. Because differences in the amplitude of an individual 
mode can still exist, the previous methodology was extended to obtain the corresponding imaginary part of all the 
material constants [5]. A new FEM routine, using an axisymmetric isoparametric four-node element, was 
implemented in Matlab. The problem consists in determining twenty independent constants, comprising the real and 
imaginary parts of the ten material properties. The methodology calculates the sensitivity of the resonance 
frequencies and their amplitudes with regard to the complex material properties. This is done to find a preliminary 
solution close to the optimal solution. Then, an optimization algorithm, based on the Nelder-Mead simplex method 
[6] is used to refine the solution. The only concern of the methodology is that it depends on the user expertise to 
avoid local minima. In order to improve the described methodology, this paper presents the combination of an eight-
node-element FEM algorithm, and the Method of Moving Asymptotes (MMA) algorithm [7], both implemented in a 
MatLab routine, considering a broadband approach. 
2. Theory 
For piezoelectric materials, the mechanical variables (stress T and strain S) can be related to the electrical 
variables (electric field E and dielectric displacement D), according to the following constitutive equations:         
ࢀ ൌ ࢉாࡿ െ ࢋࡱ, and ࡰ ൌ ࢋࡿ ൅ ࣕௌࡱ, where ࢉா , ࢋ and ࣕௌ  are the elastic stiffness tensor, piezoelectric tensor and 
permittivity tensor, respectively, and the superscripts E and S refer to the quantities to be kept constant when 
measuring the material properties. A piezoelectric material belonging to the 6mm symmetry class has ten complex 
properties (five elastic, three piezoelectric, and two dielectric), that can be divided into ten real parts and ten 
imaginary parts. Notation in this text applies bars on top of the imaginary constants. Considering the polarization in 
the z direction of the axisymmetric model, the tensors can be found in [5]. 
The optimization problem minimizes the quadratic difference between the experimental and numerical curves 
(electrical conductance G and electrical resistance R), according to the objective function: 
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where ݅ ൌ ͳǡǥ ǡ ݊௙ is the frequency discretization in a range of ௠݂௜௡ ൑ ௜݂ ൑ ௠݂௔௫, ݊௙ is the number of frequencies 
used in the analysis, and the function ଵ଴ is used to normalize the values. The optimization algorithm used in 
this work is the MMA (Method of Moving Asymptotes) [7], which requires the differentiation of the objective 
function F with respect to the design variables. The design variables are set as ݔ௜, being ݅ ൌ ͳǡǥ ǡʹͲ , such that: 
ܿଵଵ ൌ ݔଵǤ ͳͲସ ; ܿଵଶ ൌ ݔଶǤ ͳͲସ ; ܿଵଷ ൌ ݔଷǤ ͳͲସǢܿଷଷ ൌ ݔସǤ ͳͲସ ; ܿସସ ൌ ݔହǤ ͳͲସ ; ݁ଷଵ ൌ െݔ଺Ǥ ͳͲଷȀଶ ; 
݁ଵହ ൌ ݔ଻Ǥ ͳͲଷȀଶ ; ݁ଷଷ ൌ ݔ଼Ǥ ͳͲଷȀଶ ; ߳ଵଵ ൌ ݔଽǤ ͳͲଶ߳଴ ; ߳ଷଷ ൌ ݔଵ଴Ǥ ͳͲଶ߳଴ ; ܿҧଵଵ ൌ ݔଵଵǤ ͳͲଶ ; ܿҧଵଶ ൌ ݔଵଶǤ ͳͲଶ ; 
ܿҧଵଷ ൌ ݔଵଷǤ ͳͲଶ ; ܿҧଷଷ ൌ ݔଵସǤ ͳͲଶ ; ܿҧସସ ൌ ݔଵହǤ ͳͲଶ ; ҧ݁ଷଵ ൌ ݔଵ଺Ǥ ͳͲଵȀଶ ; ҧ݁ଵହ ൌ ݔଵ଻Ǥ ͳͲଵȀଶ ; ҧ݁ଷଷ ൌ
ݔଵ଼Ǥ ͳͲଵȀଶ; ߳ҧଵଵ ൌ ݔଵଽǤ ߳଴; ߳ҧଷଷ ൌ ݔଶ଴Ǥ ߳଴; where ߳଴ ൌ ͺǡͺͷͶͳ	Ȁ. This alternative system of units is used to 
avoid numerical problems because of the difference in the property values. 
To ensure the convergence of the optimization problem, some considerations were proposed. First, the initial 
value of the design variables are defined. For the real part, the properties provided by the manufacturer are used. For 
the imaginary part, the values are considered to be 1% of the real part values, as in [5]. Second, the lower and upper 
limits that the design variables can assume are defined as: 
Ͳ ൑ ݔ௜ ൑ ͵Ͳǡ ݅ ൌ ͳǡǥ ǡͳͲሺݎ݈݁ܽሻ
െͳͲͲ ൑ ݔ௜ ൑ ͳͲͲǡ ݅ ൌ ͳͳǡǥ ǡʹͲሺ݅݉ܽ݃݅݊ܽݎݕሻ
  (2) 
Then, two convergence conditions are defined: (a) for ݅ݐ ൌ ͳͷͲǡ 	 ൏ ͳͷͲሺሻ݅ݐ ൌ ͵ͲͲǡ 	 ൏ ʹͲ , where it 
is the iteration of the optimization loop. Conditions (a) and (b) avoid the solution to get trapped in a wrong local 
minimum. Moreover, a condition to validate the physical problem is defined: (c) ܩ௜ ൒ Ͳܴ௜ ൒ Ͳǡ ׊݅ ൌ ͳǡǥ ǡ ݊௙. 
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Condition (c) prevents negative values of electrical conductance and resistance, which are numerically possible, but 
physically unfeasible. If any of these conditions is violated, then the optimization loop restarts with random design 
variables defined as േʹͲΨ of the property values provided by the manufacturer. This is only done for real values 
(design variables x1,…,10). The imaginary values (design variables x11,…,20) are considered to be 1% of the real values 
obtained randomly. 
To reduce the computational cost, the optimization process is divided into two steps: preliminary and refinement. 
In the preliminary step, a coarse mesh of 2x20 elements is used. In this stage, the convergence conditions (a) and (b) 
are verified. Condition (c) must be checked in all iterations. If all conditions are met, the optimization skips to the 
refinement step. However, there may be a case where the value of the objective function F reaches a value less than 
the condition (b) before iteration 300. Thus, if the objective function at each iteration is smaller than 10 (F <10), the 
optimization also moves to the refinement step. In the refinement step, a fine mesh of 5x50 elements is used. After 
satisfying condition (c), the optimization routine will be completed when the stop condition	 ൏ ͵ is satisfied. 
3. Results 
Eight-node piezoelectric elements were used for the axisymmetric modeling of piezoceramic discs. Due to the 
disc symmetries, only ¼ of the transversal section is used. The methodology was applied to two 20-mm-diameter,   
1-MHz piezoceramic discs (Pz27 and APC855) over the frequency range of 13kHz-1.3MHz, with ݊௙ ൌ ͳͲͲͲ 
equally spaced points. Experimental data are obtained using an HP4194A impedance analyzer. Numerical curves are 
calculated using the finite element method, considering the properties obtained in the optimization. The electrical 
conductance and resistance curves experimentally and numerically obtained for both ceramics are presented in 
Figures 1 and 2. The graphs presented for both samples show good approximation between the numerical and 
experimental curves, indicating that the piezoelectric properties obtained by the proposed methodology reproduce 
the behavior of piezoelectric ceramics with higher accuracy than the properties provided by the manufacturer. The 
complex properties of piezoceramics Pz27 and APC855 obtained are presented in Table 1. 
 
Fig. 1. Pz27 - experimental and numerical electrical conductance (a) and resistance (b). 
 
Fig. 2. APC855 - experimental and numerical electrical conductance (a) and resistance (b). 
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     Table 1. Complex properties for Pz27 and APC855. 
real 
c11 
GPa 
c12 
GPa 
c13 
GPa 
c33 
GPa 
c44 
GPa 
e31 
C/m2 
e15 
C/m2 
e33 
C/m2 
ε11/ε0 ε33/ε0 
Pz27 117.7 73.7 73.5 110.2 20.4 -5.20 11.60 16.06 960 817 
APC855 132.5 71.6 80.1 112.3 20.4 -6.40 18.56 22.79 1970 1301 
imaginary 11c
 
GPa 
12c  
GPa 
13c  
GPa 
33c  
GPa 
44c  
GPa 
31e  
C/m2 
15e  
C/m2 
33e  
C/m2 
011 / εε  033 / εε  
Pz27 0.472 -0.216 -0.100 0.413 0.398 0.388 -0.0196 -0.0804 2.97 -47.42 
APC855 0.345 -0.947 -0.296 0.676 0.550 -0.0235 -0.2993 -0.1874 -10.69 -26.70 
 
When using eight-node-element discretizations of 5x50 and 10x100 and four-node-element discretization of 
40x400, simulations using the complex properties of Pz27 resulted in very similar electrical impedance curves. In 
such cases, the computational times were, respectively, 9,3s, 50,2s and 307,3s. Thus, the eight-node element is more 
efficient, because the model yields an accurate and faster convergence (using fewer elements). 
4. Conclusions 
The improved algorithm presented in this paper was applied to two 1-MHz piezoceramic discs (Pz27 and 
APC855). This methodology is able to find the 20 parameters (10 real and 10 imaginary) regardless of the user 
intervention, allowing efficient adjustment of all experimental and numerical curves over a wide frequency range 
(13kHz-1.3MHz). Comparing to a four-node-element algorithm, previously implemented by the authors [5], this 
eigth-node-element algorithm allows the convergence with fewer elements. Considering the high number of 
iterations (500 - 1000), the preliminary use of a coarse mesh (2x20 elements) allows the processing times to be 
reduced. Given the convergence conditions (a) for ݅ݐ ൌ ͳͷͲǡ 	 ൏ ͳͷͲሺሻ݅ݐ ൌ ͵ͲͲǡ 	 ൏ ʹͲ, the algorithm 
is able to avoid local minima. While the convergence conditions are not satisfied, the algorithm rejects the obtained 
solution and restarts the optimization loop using randomic initial properties. The optimization loop is repeated until 
the physical validation condition (c) ܩ௜ ൒ Ͳܴ௜ ൒ Ͳǡ ׊݅ ൌ ͳǡǥ ǡ ݊௙ and the convergence conditions (a) and (b) 
are verified, such that a solution close to the optimal solution is reached. 
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